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Approximate analytic solutions for the director profile of homogeneously aligned nematic liquid
crystals

I. Abdulhalima* and D. Menasheb

aDepartment of Electrooptic Engineering, Ben Gurion University, Beer Sheva, Israel; bRED-C Optical Networks Ltd, Atidim Tech.

Park, Tel-Aviv 61580, Israel

(Received 20 May 2009; final version received 23 November 2009)

Simple analytic solutions to the equations governing the nematic liquid crystal director profiles under an external
voltage and arbitrary anchoring energy, taking into consideration the non-uniform field distribution, are pre-
sented. Exact numerical results are compared to the analytic solutions showing good agreement particularly for the
case of strong anchoring. The usefulness of the approximate analytic solutions is remarkable for the quick design of
liquid crystal devices and understanding the dependence of the optical response on voltage and material
parameters.

1. Introduction

The interest in liquid crystal (LC) devices based on the

homogeneously aligned nematic LCs (HANLCs) has

grown recently due to their importance not only for
displays but also for a variety of other applications. As

tunable birefringent plates they have been used to

build modulators, tunable filters, shutters, variable

retarders and polarisation controllers [1]. The

response of HANLCs to an external electric field is

crucial for the design of these devices due to the fact

that the molecules near the boundaries respond differ-

ently from those in the centre of the cell. This fact is
expressed by the anchoring strength of the boundaries

determined by the surface treatment such as the align-

ment layers used, the rubbing or ultraviolet (UV) irra-

diation conditions used, the LC material and the

substrates [2,3]. The anchoring strength is expressed

by the anchoring energy, which does not have a well-

determined form. However, a generalised form was

proposed recently [4] which is also able to consider
asymmetric boundary conditions based on the

Rapini–Papoular [5] anchoring energy form. The

exact simulation of the director profiles has been car-

ried out numerically by several investigators [6] with

several improvements to the calculation algorithm

[7,8]. Approximate analytic solutions exist for special

cases either for the small-angle approximation or in

the form of Jacobian-elliptic functions when an iso-
tropic elastic constant is assumed [9,10]. In both cases

the non-uniformity of the electric field inside the LC

device is not considered and fixed boundary orienta-

tions are assumed. When the anchoring energy is

finite, the boundary conditions become variable with

the field and for this case no approximate analytic

solutions exist. In this article we present an

approximate analytic solution for the general case,

comparing it with the exact numerical solutions and

showing that it is a good approximation that is ade-

quate for the design of the optical response of LC

devices.

2. Formulations

The free energy per unit area of the LC cell consists of

three parts:

F ¼ Felastic þ FEM þ Fboundary: ð1Þ

Felastic is the elastic free energy given by

Felastic ¼
ðd
0

1

2
K11 cos2 �þ K33 sin2 �
� � d�

dz

� �2

dz; ð2Þ

where d is the cell thickness, z is the coordinate along

the cell normal, K11 is the splay elastic constant and
K33 is the bend elastic constant.

FEM is the electromagnetic free energy given by

FEM ¼ �
1

2
V2

ExtCTot; ð3Þ

where VExt is the external voltage (over the entire

device) and CTot is the total capacitance of the device
per unit area given by

1

CTot
¼ 1

CDiel

þ 1

CLC
: ð4Þ
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Here CDiel is the total capacitance per unit area of all

the dielectric layers apart from the LC such as the

alignment and passivation layers (Figure 1) and CLC

is the capacitance per unit area of the LC cell given by

CLC ¼ e0e?

,ðd
0

dz

1þ � sin2 �
ð5Þ

with

� ¼ �e
e?
¼

ejj � e?
e?

: ð6Þ

Fboundary is the boundary free energy given by

Fboundary ¼
1

2
W1 sin2 � 0ð Þ � �1ð Þ 1þ x sin2 � 0ð Þ � �1ð Þ

� �
þ 1

2
W2 sin2 � dð Þ � �2ð Þ 1þ x sin2 � dð Þ � �2ð Þ

� �
ð7Þ

where W1,2 is the anchoring energy per unit area at the

z ¼ 0,d boundaries respectively, �1,2 are the pretilt

angles at these boundaries and x is a constant [4].

It is important to note that both the anchoring
energy and the pretilt enter into the model as indepen-

dent parameters. Practically speaking, there is prob-

ably strong correlation between these two parameters,

in the sense that a polyimide that exhibits pretilt is

more likely to have weak anchoring energy.

However, these parameters are often measured inde-

pendently of each other [11–13], and it appears that

they can behave independently as well [13,14]. In par-
ticular, the latter reference shows how the anchoring

energy can be changed by irradiation with depolarised

light, without changing the pretilt.

Using the calculus of variations [15] it is possible to

derive from the free energy three equations governing

the steady-state director distribution: one for the bulk

0 , z , d,

K11 cos2 �þ K33 sin2 �
� � d2�

dz2
þ K33 � K11ð Þ sin � cos �

d�

dz

� �2

þ V 2
Ext

C2
Tot

e0e?

� sin � cos �

1þ � sin2 �
� �2

¼ 0;

ð8Þ

and one for each of the boundaries z ¼ 0,

K11 cos2 � 0ð Þ þ K33 sin2 � 0ð Þ
� �d�

dz

����
Z¼0

¼W1 sin � 0ð Þ � �1ð Þ cos � 0ð Þ � �1ð Þ
1þ 2x sin2 � 0ð Þ � �1ð Þ
� � ð9Þ

and z ¼ d,

K11 cos2 � dð Þ þ K33 sin2 � dð Þ
� �d�

dz

����
Z¼d

¼ �W2 sin � dð Þ � �2ð Þ cos � dð Þ � �2ð Þ
½1þ 2x sin2 � dð Þ � �2ð Þ

�
:

ð10Þ

The derivation of these equations is straightforward

although the fact that FEM is not a linear function of

an integral forms some complication. The solution of

Equation (8) together with the boundary conditions
(9) and (10) yield the LC director profile; however, the

capacitance CTot depends on the profile through

Equation (4), so all the equations must be solved self-

consistently.

3. Numerical routine

Equations (5) and (8)–(10) may be written in the fol-

lowing dimensionless forms:

d2�

dz2
r

¼ � 1

2
k

d�

dzr

� �2

þ pVr

I þ Crð Þ 1þ � sin2 �
� �

 !2
2
4

3
5

sin 2�ð Þ
1þ k sin2 �
� � ;

ð11Þ

1þ k sin2 � 0ð Þ
� �d�

dzr

����
Zr¼0

¼W1; r sin � 0ð Þ � �1ð Þ cos � 0ð Þ � �1ð Þ
1þ 2x sin2 � 0ð Þ � �1ð Þ
� �

;

ð12Þ

Glass

Glass

LC

TCO

Dielectric 
layers

X

ε_|_

ε||

θ

Z

(a)

(b)

Figure 1. (a) Schematic diagram of a general
homogeneously aligned nematic LC device. (b) Geometry
of the LC molecular orientation.
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1þ k sin2 � 1ð Þ
� �d�

dzr

����
Zr¼1

¼ �W2;r sin � 1ð Þ � �2ð Þ cos � 1ð Þ � �2ð Þ
1þ 2x sin2 � 1ð Þ � �2ð Þ
� �

;

ð13Þ

I ¼
ð1
0

dzr

1þ � sin2 �
; ð14Þ

where � is given by (6), and

� zr ; z=d is the normalised coordinate;

� k; K33�K11

K11
;

� Vr ¼ VExt=Vthf is the voltage normalised to the

Frederick’s threshold voltage Vthf ; p
ffiffiffiffiffiffiffi
K11

e0�e

q
;

� Cr ; e0e?
dCDiel

is the LC capacitance per unit area at

zero voltage normalised to the dielectric capaci-

tance per unit area;

� Wi;r ; Wid
K11

is the normalised anchoring strength

with i ¼ 1,2.

Equation (11) together with the boundary conditions

(12) and (13) are solved using the matlab solver

‘BVP4C’. Initially, I is set to unity and the equation

is solved. Then I is calculated according to the profile

and the equation is solved again with the new value of
I. This process continues until the solution converges.

It was found that ten iterations are sufficient to

achieve convergence. Note the following points

regarding the routine.

� In order to use the ‘BVP4C’ solver it is necessary to

transform Equation (11) from a second-order dif-

ferential equation to two first-order equations in

the standard manner.
� The initial guess for the ‘BVP4C’ solver is taken as

� zrð Þ; p=2; �0 zrð Þ; 0.
� For the initial iteration we set � ¼ 1 and use fixed

boundary conditions, i.e. � 0ð Þ ¼ �1 and � 1ð Þ ¼ �2.

This is necessary to achieve an initial stable solu-

tion. For the following iterations the correct value

of � and correct boundary conditions are used.
� For small values of the normalised anchoring

energy Wi;r < 20 the solution can become unstable

at high voltages. To avoid this we initially begin

with a large value Wi;r ¼ 1250 and gradually

decrease it until we reach the correct value. This

is done as part of the ten iterations used to reach a

solution.

4. Approximate analytic solutions

By minimising the free energy on the surfaces the
following expression is found for the boundary tilt

angle versus voltage:

�ðzr ¼ 0; 1Þ � �1;2

þ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac1;2

p
2a

s0
@

1
A; ð15Þ

where �1,2 are the pretilt angles at the two surfaces (at

zero voltage) and

a ¼ ð1þ 2xÞð� þ 2kþ �kþ 2xð� þ �k� 2ÞÞ;

b ¼ ð1þ 2xÞ2ðkþ 1Þ;

c ¼ �V 2
r l

2
r1;2ð1þ kÞ3;

with lr1;2 ¼ p
Wr1;2

being the anchoring extrapolation

length normalised to the cell thickness. Note that

when the boundaries are asymmetric the steady-state

tilt angles at the two boundaries are different. Our

interest is in the cases of symmetric boundary condi-

tions, that is, W1;2 ¼ W ; lr1;2 ¼ lr; �1;2 ¼ �0;
�ðzr ¼ 0Þ ¼ �ðzr ¼ 1Þ ¼ �b. In this case, Equation

(15) is written as

�bðVrÞ � �0 þ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac
p

2a

s0
@

1
A: ð16Þ

Note that for strong anchoring, lr ! 0, the tilt angle at

the boundary is fixed to the pretilt value. Hence for the

case of strong anchoring the behaviour of the tilt angle
profile is universal and does not depend on the anchor-

ing strength because the only parameter that contains

the thickness d not normalised is lr. On the other

hand, when the anchoring is finite there is some depen-

dence on the thickness through the parameter lr. In

this case, instead of the voltage dependence of the

switching, an electric field E dependence starts to

appear as can be seen from the expression for the
parameter c,

c ¼ �V2
r l

2
r1;2ð1þ kÞ3 ¼ �E2e0�eð1þ kÞ3=W 2:

For small angles, the profile is usually approximated

with the form

�ðzÞ � �b þ �m sinðpzrÞ; ð17Þ
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where �m is the angle in the middle of the cell. This

approximation is valid only for very small angles

(�m � 5� 10
�
). In order to find better approximations

we relied on the fact that nonlinear differential equations

with close similarity to Equation (11) exhibit kink-type

solutions [16–18] containing the functions arctan(x) and

arctan(exp(x)) where x ¼ zr=wr for the kink with origin at
zr ¼ 0, while x ¼ ð1� zrÞ=wr for the kink starting at

zr ¼ 1. Here wr ¼ C=ðpVrÞ with C ¼ 1þ lr, so that for

the case of infinite anchoring lr ¼ 0 and C ¼ 1. The

solution is therefore a combination of two such kinks

and it has to satisfy the boundary conditions and the fact

that the tilt angle in the centre of the cell is �m. For the

case of small angles up to �m � 30
�

we found the follow-

ing analytic expression:

This approximation was found to give agreement with

the exact profile up to better than fractions of a degree

for the case of fixed boundaries. For angles �m > 30
�

a
better approximation is the following:

�ðzrÞ � �bðVrÞ þ ð�mðVrÞ � �bðVrÞÞ
arctanðzr=wrÞ þ arctanðð1� zrÞ=wrÞ � arctanð1=wrÞ

2 arctanð0:5=wrÞ � arctanð1=wrÞ


 �
:

ð19Þ

The approximate expression given in Equation (19)

gives very satisfactory agreement with the exact profile

over the entire range of tilt angles. Another possibility

is to take the average between the two expressions of

Equations (18) and (19). Note that the parameter

wr ¼ C=ðpVrÞ determines the extrapolation length

near the boundaries, a layer that is difficult to switch
completely depending on how strong the anchoring is

and on the applied voltage. The effect of this layer on

the electrooptic response has been shown to be crucial

in some cases [19].

The angle in the centre of the cell for the case of

fixed boundary conditions (strong anchoring) can be

approximated as follows [1]:

�m � �0 þ
�
p
2
� �0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1=V 2

r

q
: ð20Þ

For the general case of finite anchoring (variable

boundary conditions) the tilt angle in the middle of

the cell can be calculated one time for each material

and fitted with a power series. In our case we found the
following series to describe its dependence on the vol-

tage with accuracy better than 0.1�:

�m � �0 þ
�
p
2
� �0

�X15

n¼0

anxn; ð21Þ

where

x ¼ b2 �
b1V a

r

b3 þ b1V a
r

;

so that it gives �m � �0 at zero voltage and

�m ! 900 as Vr !1. For example, the coefficients

found in the case of 5� pretilt angle and anchoring
energy of 0.8 mJ m-2 are shown in Table 1. Figure 2

shows the good fit between the exact centre tilt angle

(dashed curve) and that calculated based on Equation

(21) and Table 1 (solid curve). The centre tilt angle for

the infinite anchoring case is also plotted using

Equation (20), showing the critical behaviour.

Note that the tilt angle at the centre of the cell is

now a continuous function, i.e. the Frederick’s tran-
sition is smoothed, contrary to the case of strong

anchoring (fixed boundaries). Yet, we can define an

Table 1. The series coefficients for the tilt angle in the centre with an anchoring energy of 0.8 mJ m-2.

Parameter a0 a1 a2 a3 a4 a5 a6 a7 a8 a9

Value 1.0215 -1.4992 4.3732 -15.9523 14.5437 -1.6474 14.6940 -7.2271 -17.0105 -11.7976

Parameter a10 a11 a12 a13 a14 a15 a b1 b2 b3

Value 21.7353 4.7309 -8.1260 -1.9599 14.6217 -10.4695 3.8760 1.0016 1.0143 1.2467

�ðzrÞ � �bðVrÞ þ ð�mðVrÞ � �bðVrÞÞ
arctanðexpðzr=wrÞÞ þ arctanðexpðð1� zrÞ=wrÞÞ � arctanðexpð1=wrÞÞ � p=4

2 arctanðexpð0:5=wrÞÞ � arctanðexpð1=wrÞÞ � p=4


 �
:

ð18Þ
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extrapolated threshold voltage Vthe, which can be

calculated numerically using the transcendental

equation [20]:

cot
pVthe

2Vthf

� �
¼ lr

ffiffiffiffiffiffiffiffi
K33

K11

r
Vthe

Vthf

: ð22Þ

Depending on the anchoring strength, this equation

shows that always Vthe< Vthf and they become equal
for infinite anchoring. It also shows that the threshold

has some dependence on the thickness.

5. Results and discussion

Figure 3 shows calculated tilt angle profiles for the

case of fixed boundary orientations at different vol-

tages both using the exact numerical approach

described above and using the analytic expression

given by Equation (19). The parameters of the
LC material are similar to those of E44

of Merck: ejj ¼ 22; e? ¼ 5:2; K11 ¼ 1:55� 10�11N; K33

¼ 2:8� 10�11N; Vthf ¼ 1:0137V and the parameter of

the anchoring energy is x ¼ �0:22. To achieve the

fixed boundary conditions we used a very high anchor-

ing energy W ¼ 2 J m�2. Note that the agreement is

better than fractions of a degree for the entire range

and the worst case is about 2� disagreement for the

high-voltage case of Vr ¼ 6 in a short region of tilt

angles. As discussed before, the tilt angle profiles for

the case of strong anchoring are universal in the sense

that they neither depend on the thickness nor on the

voltage, rather they depend on the normalised coordi-

nate zr and the normalised voltage Vr.
In Figure 4 the tilt profiles are presented for the

case of finite anchoring energy W ¼ 1:8 mJ m�2 and

pretilt angle �0 ¼ 5
�
. The other parameters are the

same as in Figure 1 except that now the thickness d

¼ 1.9 mm should be mentioned because of the small

dependence of lr on the thickness d as discussed ear-

lier. The agreement is again as good as in the case of

strong anchoring except that for the small voltage
regime there is a 2� difference originating from dis-

agreement between the values of the boundary tilt

angle. In the small voltage regime Vr, Equation (16)

might need a small correction, although we believe

that for the design of LC devices this small discrepancy

has a negligible effect on the simulated device output.

Figure 5 shows the tilt profile for smaller anchor-

ing energy W ¼ 0:84mJm�2 and pretilt angle �0 ¼ 10
�
.

The agreement in this case is similar to that in Figure 4,

hence the conclusion is that the approximate analytic

solution is satisfactory both for weak and strong

anchoring as well as for large and small pretilt angles.

To conclude, approximate analytic expressions

were presented for the steady-state tilt angle distribu-

tion in homogeneously aligned nematic LCs. The
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Figure 2. Dependence of the centre tilt angle on the normalised voltage for the case of finite anchoring W ¼ 0:8 mJ m�2 and
pretilt angle �0 ¼ 5

�
with the calculation based on the exact simulation (solid blue curve) and the power expansion expression

(dashed curve). The centre tilt angle calculated for the infinite anchoring case is shown as a solid black curve.
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Figure 4. Tilt angle profiles for the case of finite anchoring W ¼ 1:8 mJ m�2 and pretilt angle �0 ¼ 5
�

at different normalised
voltages as indicted calculated with the exact numerical approach (solid curve) and the analytic approach (dashed curve). The
other parameters are as in Figure 3. The cell thickness is 1.9 mm.
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Figure 3. Tilt angle profiles for the case of strong anchoring W ¼ 2 J m�2 and pretilt angle �0 ¼ 0:01
�

at different normalised
voltages as indicted calculated with the exact numerical approach (solid curve) and the analytic approach (dashed curve). The
other parameters are given in the text.
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agreement with the exact numerical solutions is excel-

lent. These expressions are useful for easy design and

understanding of the response of LC devices. It is

believed that similar solutions can be found for other
types of LCs, such as nematics in the hybrid geometry

and ferroelectric LCs.
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Figure 5. Tilt angle profiles for the case of small anchoring W ¼ 0:84 mJ m�2 and pretilt angle �0 ¼ 10
�

at different
normalised voltages as indicted calculated with the exact numerical approach (solid curve) and the analytic approach
(dashed curve). The other parameters are as in Figures 3 and 4.
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